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They have carried out a Wentzel-Kramer-Brillouin (WKB) analysis for the propagation constants and have shown that the propagation constant for the mth mode is obtained by solving the following transcendental equation: = tan 'pi/ -z 7T , p = 1 for TE modes p= -for TM modes.
In this paper we show that rigorous solutions of the scalar wave equation for planar waveguides characterized by (1) can be obtained. We also show that agreement between the results obtained by using the WKB analysis and the exact analysis is good.
For TE modes propagating in the z-direction (in a guide extending infinitely in the y-direction), if we assume the electric field to be of the form
for X > 0 
The solutions of (5) where A is an arbitrary constant.
In the region x < 0, the solution which goes to zero as
where B is an arbitrary constant. The continuity of $(x) and $'(x) at the interface x = 0 yields the following transcendental equation which determines the propagation constants of the guided modes:
A/So) If the discontinuity in the index at x = 0 is large, then the propagation constants are obtained to a good approximation as solutions of the equation
If the refractive index of the substrate is n o , then the number of guided TE modes is equal to the number of values of v obtained as solutions of (9) In Table I , we have given the effective refractive index (n e E /3/ko) obtained by the WKB method and by using (11) and have compared these with the exact values obtained by 
These parameters correspond to the guide fabricated by Stewart et al. [2] . It can be seen that there is a very good agreement between the results obtained by using the rigorous analysis and the WKB method. The approximation given by (11) can also be seen to be good. Fig. 2 shows the modal patterns obtained from (7) and (8) for the three lowest order modes for a typical value of k o d = 100. Approximate modal patterns can also be obtained using the WKB analysis; however, around the turning points, the WKB analysis will not be valid.
So far we have considered only TE modes. For TM modes, if we assume H,, to be of the form
and make the substitution p(x) = n(x) u(x), then, if the difference in the maximum and minimum index is small (i.e. terms involving the derivatives of n 2 (x) can be neglected), u(x) satisfies the following equation: 
The propagation constants of guided TM modes can be obtained by numerical solution of the above equation. We have thus obtained exact solutions of the wave equation for guided modes in waveguides fabricated by silver-sodium ion exchange and have shown that the results obtained using the WKB approximation match very well with the exact solution.
Equation (14) is the same as (4) and hence the solutions for t 1 ! tp(x) are [2] [3]
